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SUMMARY

A two-dimensional simulation of a plane jet exhausting from a channel has been performed using the
vortex in cell algorithm in the Reynolds number range of 100–900. The vorticity is generated on the
wall of the entrance channel whose length has been �xed in order to obtain a fully developed velocity
pro�le at the entry of the jet. The transient behaviour of the velocity �eld starting from rest has been
observed until reaching a quasi steady regime. The mean value of the velocity �eld is compared with
the results of a �nite volume computation on the same mesh. The velocity �uctuations obtained using
this method are analysed. Their e�ect on the mean �ow is estimated to be smaller than the viscous
e�ect. Copyright ? 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A lot has been published about vortex methods for predicting two-dimensional �ows, and
these methods are considered nowadays as classical [1]. Vortex methods are supposed to be
quite convenient for treating shear �ows because of their ability to concentrate a computation
e�ort on the �ow region where needed. Their main advantage is the use of a Lagrangian
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displacement of the vortex particles. The present work is developed in the context of the
random vortex method due to Chorin [2]. It is originally a grid-free method that solves the
Navier–Stokes equation in vorticity variables. This means that the vortices are transported
by the velocity and a random motion is superposed to take account of the physical viscous
di�usion. The velocity �eld, at each step in time, may be computed directly using Biot–Savart
law for a given vorticity �eld. Various cases have been fully tested against analytical solutions
or experimental results. Most of the cases treated in the literature concern periodic boundary
condition �ows, wall �ows, pipes channels or wakes. One can cite the results of Ghoniem and
Gagnon [3] in the case of a backward facing step in a laminar regime, those of Gagnon et al.
[4] in single, as well as double symmetrical backward-facing step channel at high Reynolds
number, and the more recent ones of Mortazavi and Giovannini [5] downstream of a plate
separator. All these results have been tested upon experimental results and the question of a
numerical false di�usion has been treated.
The present paper aims at studying the behaviour of a plane jet exhausting from a channel

and freely �owing out of a semi-in�nite domain. The vortex-in-cell (VIC) method is used
for this purpose. It combines the Lagrangian displacement of point vortices with the Eulerian
determination of stream function on a �xed grid. This algorithm was developed before by
Christiansen [6], Gagnon and Huang [7], Savoie [8] and applied to the boundary layer by
Pellerin and Giovannini [9]. Its main advantage is to reduce considerably the computing time
compared to the use of direct computation of velocity �elds by the Biot–Savart law. Thus,
the number of point vortices needed in order to achieve a better accuracy can be increased
for a �xed computational e�ort.
Hitherto, the case of jets has been mainly studied in the early development phase; that is,

before the �rst vortices created in the initial shear layers leave the computational domain [10].
Indeed, the jets are very sensitive to the out�ow boundary conditions and some perturbations
may be re�ected into the domain when structures exit. Generally, when passing through this
frontier, one considers that the free outgoing of vortices produces negligible perturbations on
the inner �ow. This numerical experiment has been performed to certify that this assumption
is still valid for long computation times, and to test the ability of the solver to obtain a basic
time-averaged �ow su�ciently independent of the numerical perturbations. The purpose is to
ensure valuable subsequent studies on instability and control.
The VIC computer code used by Savoie [8] has been extended to the case of a plane jet.

The �ow is analysed through the transient regime that leads to a steady state starting from
the rest. The results are compared with those obtained using the �nite volume (FV) method
that was used by Knani et al. [11]. It is worthwhile noticing that we have also chosen to
work in a regime ranging from moderate to low Reynolds numbers that corresponds to the
unsteady laminar regime studied in the above-mentioned paper [11], a situation in which
the method adopted to treat the di�usion in this code has to be used with caution and the
practical choice of parameters has to be carefully �xed. What is worth mentioning is that
the comparison with a di�erent numerical approach is well adapted to the �xed goal of the
paper. The Eulerian FV Navier Stokes solver has been previously tested against experiments
for the 2D plane jet [12, 13]. Unfortunately, detailed experimental data on the near jet in the
required conditions were not available. Nevertheless, elements of comparison with self-similar
solution are provided on the numerical results basis. In this paper, we present in succession
the physical problem (Section 2), the numerical method (Section 3), the initial and boundary
conditions (Section 4), and the numerical results (Section 5).
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Figure 1. Domain and boundary conditions.

2. THE PHYSICAL PROBLEM

The domain of study is the plane jet exhausting from an entrance channel in a semi-in�nite
domain �lled with the same �uid and bounded upstream by a wall. The �ow is incompressible,
viscous and two-dimensional. It corresponds to the conditions that have been found in the
Varieras experiments [14]. In this last work [14], a varicose mode of instability was observed
for a parabolic velocity pro�le at the exhaust and the problem exhibits an axial symmetry.
Thus, half the domain is taken for the numerical simulation. The Reynolds number, based on
the uniform inlet velocity U0 = 1 and the height of the channel H =1, ranges from 100 to 900.
The domain and boundary conditions are represented in Figure 1. The lateral extent of the

domain is the width D containing the vertical wall and the jet exhaust aperture H=2. The total
length in the longitudinal direction is such that the jet domain has a constant length L equal
to 30 and the channel length l is adapted to the value of the Reynolds number. The width
of the domain D is �xed in order to let the point vortices �ow out through the lateral face.
For the higher Reynolds numbers (Re¿300), this condition is reached for a domain width
of 3H but for Re¡300 it is necessary to extend this width to 6H . The boundary conditions
indicated in this �gure are discussed in Section 4.

3. THE NUMERICAL METHOD

In 2-D �ows, the mixed Eulerian–Lagrangian method uses the non-null component of the
velocity curl, the vorticity !, as the transport variable. By taking the curl of the Navier–
Stokes equations and relying the fact that the divergence of the velocity vector is zero, the
Helmholtz dimensionless vorticity transport equation is obtained, which expresses the vorticity
transport by convection and di�usion.

�=∇ ∧V and != ‖� ‖ (1)

@!
@t
+ (V • ∇)!= 1

Re
�! (2)

where Re is the Reynolds number of the �ow.
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This last equation is coupled with the Poisson equation for the stream function:

� = − ! (3)

where  is the stream function de�ned as

 ⇔ V=∇ ∧ ( k) (4)

k being the unit vector of the normal to the jet plane.
To solve Equation (2), we use a technique proposed by Chorin [2], and widely studied by

Beale and Majda [15]. The vorticity transport equation is solved by splitting it into convection
and di�usion operators. Both equations are treated separately in two fractional steps:

Step 1: Convective part.

@!
@t
+ (V • ∇)!=0 (5)

Step 2: Di�usive part.

@!
@t
=
1
Re
�! (6)

The vorticity �eld is discretized into a �nite number of vortices Nv. For a given time step, the
total displacement is obtained by adding the convective L(ui(x; y; t;�t); dt) and the di�usive
movements W.

�i(x; y; t + dt)= �i(x; y; t) + L(ui(x; y; t;�t); dt) + W (7)

L(ui(x; y; t;�t); dt) represents the integration operator for the velocity �eld.
The velocities of each point vortex are computed by a bilinear interpolation between the

velocities over the grid. The di�usion step is treated by the Random Walk algorithm [3, 14].
The di�usive transport W is then statistically simulated from a random process and a Gaussian
distribution obtained from the two-dimensional Green solution of Equation (6). The inde-
pendent random numbers (�x; �y) are generated at each step in time with a �xed standard
deviation �=

√
2�t=Re [7]. The time marching algorithm adopted here corresponds to the

�rst-order Euler scheme.
The stream function is obtained by VIC algorithm proposed by Christiansen [6] which

associates an Eulerian grid to the initial Lagrangian formulation. The vorticity resulting from
the Lagrangian displacement is distributed on a �xed grid and serves to compute the vorticity
by solving Equation (3).
This latter equation is solved over this grid using a second-order �nite di�erence scheme,

and an SOR solver (successive-over-relaxation). The relaxation parameter is �xed, after op-
timization, to 1.98 and convergence is achieved at 10−7. The grid size is �xed in order to
obtain a suitable resolution in both directions. The criteria that were applied to select the
appropriate number of points are grid independence, correct generation of vortices at the wall,
and out�ow of the point vortices in the vertical outlet section. The selected mesh in such con-
ditions is 840× 60 for the higher Reynolds numbers (Re¿300) and 840× 120 for Re¡300.
In the �rst case, the height of the domain is D=3 and for the lowest values, the computation
domain is D=6 for the same mesh size in the transverse direction.
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Globally, the total computational time is proportional to the number of vortices Nv. This
number is �xed by the reference circulation. Numerical parameters are kept constant in the
simulation for all Reynolds numbers. The circulation reference is chosen to be �0 =5×10−5.
The method for the generation and the out�ow of the vortices is described in Section 5
consecrated to boundary conditions. This value of �0 ensures a correct convergence of the
method for a time step �t=0:1, according to Mortazavi et al. [16]. The linear evolution of
the circulation and of the number of vortices in the transient phase, before the vortices can
leave the domain is in agreement with the theoretical growth of the vorticity at the wall and
this is considered to be a con�rmation of a correct behaviour of the numerical solver (see
Section 5).

4. INITIAL AND BOUNDARY CONDITIONS

The input velocity pro�le on BC 1 is unchanged throughout the computation. Starting with
a potential �ow, the vorticity is generated along solid walls in order to annihilate the slip
velocity where no slip condition is prescribed (BC 2). The number of vortices introduced
corresponds to a uniform distribution of the circulation on a wall cell length. The sign of
elementary vortices of circulation �0 depends on the local slip velocity and can be either
positive or negative.
The boundary conditions are presented in Table I for both the VIC and the FV methods.

The entry section of the jet is situated at x=0. For the VIC method, it is necessary to ensure
that the repartition of point vortices in this section is not arbitrary and, that, it is compatible
with the velocity pro�le. A channel of length l is added at the entrance where a uniform
longitudinal velocity pro�le is imposed. The vortices are generated from the wall of this
channel and convected downstream. If the length l is too short, an overshoot of longitudinal
velocity is found at the entry of the jet. This disappears when the �ow is fully established in
the channel and the entrance section is well covered by point vortices. It is chosen to work
in these conditions obtained for a length of at least l=12. This point is discussed further in
Section 5.
The upper boundary is the entrainment face, BC 4. It is necessary to let the �ow enter

freely. To this end a Neumann boundary condition for the normal velocity component is
applied via the stream function and the vortices generated in the domain are cancelled if they
reach this boundary.
The out�ow boundary condition BC 5 is of major importance in the jet �ow. We have

adopted the policy to consider that the point vortices are simply cancelled when they overpass
this boundary. One condition is needed: for the stream function, the streamwise derivative of
the normal velocity component is set to zero. But as the �ow is perturbed near this boundary,
the physically meaning part of the jet is restricted to an inner zone. A domain length L=30
is chosen but the analysis extends to a zone corresponding to Lc625.
The jet axis is treated as a symmetry axis BC 6. The stream function is �xed at a con-

stant value on the axis of the channel and the vortices with negative ordinates are re�ected
(symmetric position and opposite vorticity sign).
In this paper, we have compared the results obtained using VIC to those obtained by a FV

method used by Knani et al. [11] for the same mesh and jet domain. The velocity pro�le is
prescribed at the entry of the jet (x=0) and �xed as a parabolic pro�le. The other conditions

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543



534 M. A. KNANI ET AL.

Table I. Boundary conditions.

Boundary Vortex-in cells Finite volume

1 U (y)=U0 = 1;V (y)= 0 Not relevant

2 Not relevantV (x) = 0;  (x) = 0
No slip → vortex generation

3 y6
H
2

→ U (y) → �uid domain

y¿
H
2

→ U (y)= 0;  (y)= 0

y6
H
2

→ U (y)= parabolic;V (y)= 0

y¿
H
2

→ U (y)= 0;V (y)= 0

4 y=D → @2 
@x@y

=0

!i → free output
y=D → U =0;

@V
@y
=0

5 x= L → @2 
@x2

= 0

!i → freeoutput

x= L → @2U
@x2

= 0;
@V
@x
=0

6 y=0 and − l¡x¡L →
 =  (−l; 0)

!i → mirror condition

y=0 and 0¡x¡L → V =0;
@U
@y

=0

are given in Table I. It is found out with this numerical code that starting from rest at
Re=500, a transient is observed, which vanishes after a given period.

5. THE NUMERICAL RESULTS

5.1. Evolution of vorticity and velocity �elds

The number of vortices Nv imposed the �rst step in time is �xed by the initial circulation
and equal to l=�0 =2:4 × 105. These vortices are uniformly distributed on the wall of the
channel. Then positive and negative vortices are generated in the course of the computation
and convected by the velocity �eld. After a transient phase of rapid increase, both the number
of vortices and the absolute value of the circulation reach a limit and start to oscillate (Figure
2(a) and (b)). Equilibrium is reached between the vortices shed by the wall and those leaving
the domain. One observes that this equilibrium is reached at t=80 starting from the rest for
Re=500.
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Figure 2. Time traces of: (a) circulation; and (b) number of vortices in the
�ow domain at Re=500 (l=�0 =2:4× 105).

At the Reynolds number range Re6500, during the transient phase, the longitudinal velocity
signals (Figure 3) show that a large perturbation is observed until t=50. It corresponds to
a large transient structure that �ows out rapidly. A quasi steady regime seems to be reached
afterwards. However, some small �uctuations are observed. Conversely, for a Reynolds number
of 900 or more, the steady regime is not observed and a �uctuating motion seems to persist
resulting from the natural instability of the �ow.
The point vortices positions in the domain are represented in Figure 4 for Reynolds numbers

100, 500, 900 at t=180 corresponding to the �nal time station of the computation. This �gure
illustrates the behaviour of the vortices in the domain (locations of 1=20 point vortices are
represented). First, inside the channel, it can be seen that the establishment length is increasing
with Reynolds number. In all cases the exhaust section is well fed with vortices and a parabolic
velocity pro�le is expected. Second, the spreading of the jet as well as the unsteady pattern
at Re=900 can be visualized by observing the vortex locations.

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543
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Figure 3. Time traces of longitudinal velocity U (Re=500;y=0:7).

5.2. Velocity �eld in the jet

In Figure 5, the mean longitudinal velocity on the axis is displayed for di�erent Reynolds
numbers and over the whole length of the domain (from −l to L). The mean values are
calculated by time integration from t=100 to 180. The �ow in the channel is fully established
when the velocity on the axis reaches the limit of parabolic �ow (U0 = 1:5). For the value
of l=20 displayed on the �gure, this condition is satis�ed for Reynolds numbers less than
or equal to 500 and it is necessary to impose a length of 30 for higher Reynolds numbers.
For Re=600 the results are compared with l=20 and 30. The rate of the velocity decrease
on the jet axis depends on the pro�le at the entry section (x=0). A slight di�erence exists
in this case between the pro�les due to the di�erent lengths of the tube. This di�erence is
greater for a Reynolds number of 900 (not shown in the �gure).
The longitudinal velocities normalized with respect to the maximum initial value on the

axis (Ua)0 are plotted versus the transverse coordinate y in Figure 6 for Re=500(l=12)
and for di�erent stations in the jet. The comparison of both methods shows that these mean
velocity pro�les are quite close to the instantaneous pro�les of the FV method. Indeed, a
quasi steady regime is obtained with the FV method. As deduced from Figure 5, the results
do not coincide for both methods and the pro�le at Re=500 for FV is nearer to the pro�le
at Re=400 for VIC than the one at the same Reynolds number. This explains the di�erences
noted on the value on the jet axis in Figure 6.
The results of Figures 5 and 6 have been analysed in terms of self-similar solutions for

laminar �ow from the reference book of Schlichting [17]. Although the theoretical results
retained for comparison are established for lower Reynolds numbers (Re¡30), it is believed
that the basic �ow in the present case is closer to this regime than to the fully turbulent
one that could have been considered otherwise. The conclusion is that self-similarity is not

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543
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Figure 4. Instantaneous point vortices locations (t=180).

completely reached in the domain and the velocity decrease law on the axis is gradually
reaching the theoretical laminar law in x−1=3 for Reynolds numbers up to 500 in the zone
from 10H to 25H . Moreover, the velocity pro�les collapse quite closely on a master curve
U=Ua=1− tanh2(�y=y1=2) in which y1=2 is such that U=Ua=1=2. This behaviour is typical of
the jet in self-similarity and it has been found out by many authors even earlier than 1950
(see Reference [17]). Similar results were found for plane jet with uniform velocity exhaust.
Thus, although complete self-similarity is not reached inside the domain, this result provides
su�cient con�dence in the correct evolution of the near zone of the jet.
It is also interesting to plot the mean vorticity map. The instantaneous vorticity is the

algebraic sum of local point vortices in the domain at a given time station. This vorticity
distributed over the grid points is used to compute the mean vorticity �eld over the time
interval from 100 to 180. The iso-contours of !m (mean vorticity) over the external domain

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543
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Figure 5. Longitudinal velocity on the x-axis (t=180).

are represented in Figure 7. One can observe that this �eld is quite regular and does not
exhibit large perturbations at the exhaust. The iso-lines are not distorted at the section x=20
which is considered as the end of the analysis domain in this work. The mean streamlines
corresponding to the same averaging time interval are presented in Figure 8. The entrainment
�ow rate on the top boundary Q0 = ( m)0 − ( m)20 is equal to 0.225 for both methods.
In this expression, ( m)0 and ( m)20 are, respectively, the values of the mean stream function
on this boundary for x=0 and 20.
The �uctuations due to the vortices displacement induce local �uctuations of velocity that

are observed in the computations. They are displayed in Figure 9, which represents the rms
values of both u and v �uctuating velocity components, for x=10. In this section, a maximum
of u′=

√
u2 is found on the axis and it represents less than 4% of the initial input velocity.

Another maximum is located near y=1; that is approximately the location of the shear layer
issued from the jet lips. The maximum of v′=

√
v2 is situated in between and corresponds

to a minimum of u′. This structure reproduces the situation that is observed inside the input
channel in which two maxima of u′ are observed near the wall and the axis. The value of v′

is null at both these locations as imposed by the boundary conditions. The non-linear e�ect
of such �uctuations produces a non-null but small �uv= uv correlation similar to a Reynolds
stress e�ect. Figure 10 represents the lateral evolution of �uv for di�erent longitudinal stations.
The absolute values of the curves negative peaks are smaller than 7 × 10−5 all over the jet
analysis domain. Of course the physical meaning of these �uctuations is not linked to 3D
turbulence. However, in the near �eld of a plane jet with uniform velocity entrance exhibiting
coherent vortices, the organized �uctuations have been found out to behave in a similar way
in physical experiments [18, 19]. The e�ect of these �uctuations does not modify deeply the
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(a) (b)

(c) (d)

Figure 6. Longitudinal normalized mean velocity pro�les Re=500; l=12; t ∈ [100; 180].
*FV: instantaneous velocity at t=180.

mean jet behaviour that remains similar to the continuous viscous �ow obtained by the FV
method. Indeed, within the analysis zone, the corresponding e�ective viscosity calculated by
the ratio of the uv correlation and the longitudinal velocity gradient is less than 10−5, a value
far smaller than the prescribed viscosity.

6. CONCLUSION

The numerical code based on vortex-in-cell algorithm used by Pellerin and Giovannini [9] that
has previously provided good results for boundary layers was adapted to the case of a plane
jet in the Reynolds number range [100–900]. The mean velocity �elds are in a reasonable
agreement with an Eulerian FV approach [11]. They equally show good trends of a classical
self-similar behaviour for laminar jet [17].
In this study, we have adopted very simple conditions for the out�ow and in�ow. For

this reason, it was necessary to check that they correspond to the one used in a similar
Eulerian simulation. For the in�ow, a variable length channel has been added to impose a
controlled entrance condition in the domain. The generation of vortices comes from the wall
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Figure 7. Mean iso-vorticity contours (Re=500; t ∈ [100; 180]). (30 iso-contours equally
spaced between 0 (axis) and −5:26).

Figure 8. Mean iso-streamline function contours (Re=500; t ∈ [100; 180]). (22 iso-lines equally spaced
between −0:25 (axis) and 0.3 and 8 iso-lines between 0.3 and 0.5 (upstream wall)).

of this channel. For the out�ow, the vortices transported outside the computation domain are
removed, which induces a �nite perturbation in the exhaust section.
Our work has shown that the quasi steady state is reached for the mean value evaluated

after the crossing of the initial transient at a Re=500. However, �uctuations are observed and
are found out to vary in the lateral direction. Maximal intensities of longitudinal �uctuations

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543
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Figure 9. RMS of velocity �uctuations (Re=500; x=10; t ∈ [100; 180]).

Figure 10. Cross-correlation �uv between velocity components (Re=500; t ∈ [100; 180]).
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are obtained in the jet shear layer and near the jet axis. These are partly linked to the
random walk algorithm that is adopted for the di�usion step and partly to the jet instability.
In the analysed Reynolds number range, marked by a high sensitivity to viscous e�ects, both
methods provide similar jet behaviours. The simulation is considered as physically signi�cant
for periods corresponding to the crossing of several large vortices through the jet.

NOMENCLATURE

D width of the domain
H width of the jet or channel (=1)
k unit vector of the normal to the jet plane
L0 length of whole computational domain
L length of the jet domain
Lc length of the analysis domain
l length of channel
Nv total number of point vortices
Nv+ number of positive point vortices
Nv− number of negative point vortices
Re Reynolds number (U0H=�)
t current time
U longitudinal component of velocity
Ua axis longitudinal velocity
U0 reference velocity (=1)
(Ua)0 axis longitudinal velocity at x=0
Um mean longitudinal velocity
u longitudinal velocity �uctuation
V velocity �eld
V lateral component of velocity
v lateral velocity �uctuation
u′ ; v′ rms values of the �uctuating velocity components
x; y space co-ordinates
(a) mean value of a

Greek letters

� circulation
�0 reference circulation
�+ positive circulation
�− negative circulation
�x, �y, �t Eulerian mesh size and time step
W=(�x; �y) Lagrangian di�usive displacement
� kinematic viscosity (=1=Re)
� standard deviation of W
�uv cross-correlation between velocity components u and v
� Lagrangian convective displacement

Copyright ? 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 52:529–543
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 stream function
 m mean stream function
! vorticity
!m mean vorticity
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